Abstract. This review is on modelling of inductive discharges at low gas pressures. Both the gas-discharge part and the electrodynamical part of the models are stressed as completing a self-consistent description of the discharge structure. The gas-discharge description covers the two regimes of the discharge maintenance at low gas pressures: ambipolar-diffusion controlled discharges and discharges in a free-fall regime. The electrodynamical description of the discharge starts with analysis of the types of the skin of the transverse high-frequency bulk waves which produce the inductive discharges. Normal collisional skin providing conditions for local conductivity and anomalous skin related to nonlocal conductivity are discussed as resulting in the different types of the power deposition in the different regimes of low-pressure discharges: Joule heating in the ambipolar-controlled discharges and stochastic heating in the free-fall regime of the discharge maintenance.
Introduction
The low-pressure inductive discharges [1] are sources of high-density plasmas operating in the MHz frequency range (usually, at 13.56 MHz). Focusing here the attention on the modelling of these discharges, let us first specify what do "low-pressure inductive discharges" mean.
The gas pressure determines the regimes of discharge maintenance. The low-pressure discharges appear in two regimes: a diffusion-controlled regime and a free-fall regime. In both cases charged particle fluxes to the walls, in the dc electric field formed in the discharge (a radial field E (figure 1), in the 1D models of cylindrical discharges), form the mechanism of charged particle losses. When the gas pressure is comparatively high and the mean free path i λ of the ions is small compared to the discharge radius ) ( i R R < λ , electrons and ions reach the walls through diffusion: ambipolar diffusion. At very low pressures, when R > i λ holds, the charged particles reach the walls without collisions. In this -free-fall -regime, the directed velocities of the charged particles in the dc field are high, the potential drop of the dc field is strong and this leads to formation of a well-pronounced wall sheath of uncompensated charge (an ion concentration higher than the electron one, e i n n > ). The manner of the power deposition in the discharge is specified in the name of the discharge. The maintenance of the inductive discharges with cylindrical coils (figure 2) is by an azimuthal electric field ϕ Ẽ induced by the axial magnetic field z H which is produced by the high-frequency (hf) current in a coil around the gas-discharge tube. The nature of the inductive discharges is discharge production in a wave field. A transverse hf bulk wave is the wave sustaining the discharge. Its dispersion law is the kinetic plasma theory [2] , tr ε is the transverse hf plasma permittivity accounting both for thermal motion of the electrons (with a velocity th v ) and elastic electron-neutral collisions (of frequency n e− ν ) and c is the light speed in vacuum. The propagation of the wave is at frequencies higher than the plasma frequency ( p ω ω > ). However, the production of the inductive discharges is under the conditionsp ω ω < -of reflection of the wave by the plasma (figure 3), which explains the highdensity plasma production in these discharges. At its reflection, the wave penetrates into the plasma over the skin depth δ , a distance which is of the order of the reverse value of the space damping rate α of the wave:
where α is the imaginary part of the wavenumber k. Moreover, for ensuring plasma production, the reflection of the wave should be with energy dissipation. This is provided by the normal collisional skin and the anomalous skin. The models of the hf discharges combine, in general, gas-discharge description with electrodynamics. The coupling of these two parts of the models is through the hf power input Q which in the gas-discharge description appears as V n Q Θ = and in the electrodynamical description it is given by
; V is the discharge volume, n is the averaged density, Θ is the power absorbed on average by one electron and j is the current density in the plasma. Self-consistency of the model [3, 4] means to have the plasma density n related to the intensity 2 Ẽ of the field sustaining the discharge: ) ( 2 Ẽ n ; see, e.g., figure 2 in [4] . This relation is the expression of the ionization nonlinearity. Since the power Θ is coupled to the maintenance field intensity, the (
reduces to a ( Θ ⇔ n )-relation and the gas-discharge description appears the same for all types of discharges, under the same gas-discharge conditions. However, in order to have the spatial distribution of the power input in the discharge determined, the electrodynamical part of the model is needed. Since the plasma density is present there, the manner of the power deposition in the discharge is related to the plasma parameters. In the inductive discharges, this relation is provided by the
The two sections of the paper present, respectively, the gas-discharge description and the electrodynamical description of low-pressure inductive discharges. Fluid-plasma models of the discharge are described with concepts of the kinetic plasma theory present both in their gas-discharge and electrodynamical parts.
Gas-discharge description
The total electric field in the discharge c.c.
includes the high-frequency field Ẽ sustaining the discharge and the radial space charge field E . Respectively, the directed velocity of the electrons c.c.
has also two components: an oscillating part e ũ and a stationary part e u . The hf field ensures the power input to the discharge and, respectively, the oscillating velocity determines the hf conductivity of the plasma.
The description of the stationary state of the discharge within the fluid-plasma theory [5] involves
• the continuity equations
which includes the losses by charged particle fluxes to the walls as well as production and losses, as given by ( t / n δ δ α ), of charged particles in the plasma volume
, for electrons and ions), 
where e J is the electron-energy flux and t K n δ δ )/ ( e describes electron-energy losses in collisions. Let us first focus attention on the momentum equation (3) since the type of the gas-discharge regime -a diffusion-controlled regime and a free-fall regime -is hidden there. The force associated with the radial dc field E specifying discharge maintenance at low gas pressures is always present. In the diffusion-controlled regime it goes together with the pressure force and the friction as given by the second and third terms in the right-hand side of equation (3) . With the reduction of the gas-pressure, the elastic ion-neutral collision frequency decreases and the inelastic collision term (the last one in the right-hand side of equation (3)) should be kept in the ion motion equation. Thus, the four terms in the right-hand side of equation (3) ) and the inertia term (the convective derivative in the left-hand side of equation (3)) becomes important. For the electrons, the thermal velocity is still more important than the directed velocity ( in the first term in equation (4) 
being the main component of the electron energy flux in the high-pressure range of diffusion-controlled discharges as well as thermal energy and pressure force work carried by the directed velocity (the second term in equation (5)) which becomes important with the gas-pressure decrease within the diffusion-controlled discharges towards the free-fall regime; e D is the electron diffusion coefficient. The second term in equation (4) has also two components:
The first one is the power input from the hf field, i.e. the absorbed power sustaining the discharge (e.g.,
, for Ohmic heating; Ẽ σ is the hf plasma conductivity). However, the second component (i.e. the second term in the right hand side of equation (6)) describes electron energy losses: energy losses for maintaining the radial dc field in the discharge. Their contribution increases with the gas-pressure decrease.
In the presentation below of results on the discharge structure of diffusion-controlled and free-fallregime sustained discharges, discharge production in an argon gas is specified.
Diffusion-controlled regime
Ambipolar diffusion losses control the discharge behaviour. The production of the charged particles is via direct and step ionization. The step ionization is important not only because of the high-density plasma production in the inductive discharges. It is important, in general, since it ensures the selfconsistent behaviour of the diffusion-controlled discharges. Relating -as a nonlinear process in the charged particle balance -the plasma density n to the electron temperature e T , the step ionization ensures the relation ) ( 2 Ẽ n of the plasma density to the field sustaining the discharge and, thus, the self-consistency of the discharge description [3, 4] . For covering the total gas-pressure range of diffusion-controlled discharges, the discharge model should involve [6] : (i) the recombination, important in high-density plasmas which are usually at higher gas pressure (in argon discharges it is the dissociative recombination); (ii) effective mobilities of the ions defined by accounting for the inelastic collisions in their momentum equation (3) which play a role in the lower gas pressure range of the diffusion-controlled discharges and introduce effective ambipolar diffusion coefficients; (iii) fluxes of thermal energy and pressure-force work carried by the directed electron velocity (equation (5)) as well as electron energy losses for maintenance of the space-charged field (equation (6)), both affecting the electron-energy balance (4) when the gas-pressure is low; (iv) the velocity dependence of the electron-neutral elastic collision frequency ) (v n e− ν , being important both for the lower and higher pressure ranges of the discharge, which leads to an integral representation [7] of the hf plasma conductivity 
in order to determine the directed velocity of the electrons needed for obtaining Ẽ σ and e J ; 0 f is the isotropic part of the EVDF, taken as a Maxwellian distribution. Integration of the electron energy balance equation (4) Concentrations of electrons ( e n ), atomic ( 1 n ) and molecular ( 2 n ) ions, population density ( j N ) of the metastable states, involved both in the step ionization and the recombination, as well as electron temperature e T and power Θ obtained from equations (2), (3) (with left-hand side neglected) and (4) complete the self-consistent discharge structure [6] . In its presentation in figure 4 , the external parameters are, as follows: the gas pressure is varied in a wide range p = (0.05 -5) Torr, the applied rf power is P = 100 W, the internal radius of the gas-discharge tube is R = 2.4 cm, the length of the discharge is L = 10 cm and the gas temperature is
. Even with nonlinear processes present in the charged particle balance (2), the radial profile ) ( e r n of the plasma density ( figure 4(a) ) appears -in a very good approximation [3, 6] -a Bessel-type of profile considered as a typical one for diffusion-controlled discharges. Moreover, with the approximation to a Bessel profile, the balance equations of the ions (2), with equation (3) involved therein, transforms into algebraic equations. The Bohm criterion [5] determines the parameter µ of the radial plasma-density inhomogeneity.
With the gas pressure increase the diffusion losses decrease and, respectively, Θ and e T ( figure  4(b) ) decrease. This leads, for a constant applied power, to an increase of the concentrations e n and 1 n of electrons and atomic ions (figures 4(a) and 4(c)).
Free-fall regime
In the free-fall regime the directed motion of the ions is more important than their thermal motion and the wall sheath of uncompensated space charge is well extended towards the plasma interior. This creates the difficulties in the discharge modelling. For covering by the model both the free-fall regime and the transition to a diffusion-controlled regime, the complete set of differential equations [8] should be solved: the continuity equations (2), the momentum equations (3), also differential ones due to the nonlinear inertia terms therein, the electron energy balance, also in its form (4) of a differential equation with all the terms (as given by expressions (5) and (6)) present therein, due to the range of low gas pressure considered, and the Poisson equation 
included due to the regions of uncompensated space charge present in the discharge. In equation (8),
Φ is the potential of the dc field E and 0 ε is the vacuum permittivity. figure 5(b) ) and an increase of the directed velocities of electrons and ions ( figure  5(c) ). 
Power deposition in the discharge: electrodynamical part of the model
The results provided by the electrodynamical part of the models of the inductive discharges are for the space distribution of the hf field components ϕ Ẽ and z H of the wave sustaining the discharge as well as for the hf current density ϕ j in the plasma and for the power input into the discharge.
Thus, the wave equation should be solved written either for the magnetic field 
of the wave, coupled with the gas-discharge description through the electron concentration e n present both in the plasma permittivity ) (r ε and the current density ϕ j . Since the type of the skin is in the basis of both the spatial distribution of the wave field and the power input for discharge production, we shall start this section with a description of the skin effect.
Types of skin
Let us go back to figure 3 which shows schematically a classification of the different types of skin, with the corresponding skin depths indicated on the figure. In fact, the appearance of different types of skin results from competitive effects associated with the elastic collision frequency sheath, in fact, an electron coming from the plasma interior gains an energy, if possible, from the hf field and goes back to the plasma interior, reflected (at * x ) by the potential barrier of the dc field ( figure 6(b) ). Table 1 summarizes the conditions for the different types of skin. When the thermal effects are negligible, the skin is normal. Depending on whether ω is larger or smaller than n e− ν , the normal skin is collisionless (NCsS) or collisional one (NCS). In both cases of a normal skin the skin layer is thick compared to the scales of the electron motion and the electrons are "kept" in the skin layer. However, in the case of NCsS, T mfp >> τ , i.e. over the time interval between two collisions the electrons "see" the field variations and, therefore, on average over one period T they do not gain energy from the field. That is the reason not to have discharge production under the conditions of NCsS, mentioned also before. mean that the electron "sees" almost constant field between two collisions and gains momentum and energy in the field in the skin layer and, moreover, it looses them also there. Therefore, there is an energy transfer from the wave to the electrons in the skin layer and this ensures discharge production. The interaction of the electrons with the field is localized within the skin layer. Thus, the conductivity is local and the current density is determined by the Ohm law Ẽ j σ = . Respectively, the heating is Joule heating
Let us proceed now to the conditions of AS, when thermal motion effects are important. The skin layer is thin, compared to the scales of electron motion ( l , mfp λ δ << ). Moreover, the transit time of the electron is short compared with the field period ( T tr << τ ) and, thus, the electron "sees" almost constant field in the skin layer and gains momentum there. However, the transit time of the electron is short also compared to the time interval between two collisions ( ). This means that after gaining momentum in the skin layer, the electron "carries" it to the plasma interior. Thus, the information about the field in the skin layer kept by the electron is transferred into the current it produces in the plasma interior. Therefore, in the case of AS, the conductivity is nonlocal
.e. the current at a given r-position is determined by the whole profile of the hf field over the distance of the mean free path of the electron. Thus, the thermal motion is crucial for the nonlocal conductivity. The heating in this case is a stochastic one. After these general comments on the different types of skin and, respectively, conductivity and electron heating, let us now complete the electrodynamical parts of the models of the different regimes of maintenance of the low-pressure inductive discharges.
Diffusion-controlled discharges
The combination of the frequency range of the inductive discharges with the gas-pressure range of the diffusion-controlled regime determines importance of the collisions and, respectively, conditions of normal collisional skin, local conductivity and Joule heating.
The radial distribution of the amplitudes of the wave field components shown in figure 7 (a) is obtained [6] as numerical solutions of the wave equation (9) A monotonic radial decrease of the field amplitudes from the discharge walls towards the discharge center characterizes the wave behaviour under the conditions of a normal skin. The nonmonotonic variation of the field amplitudes with the gas pressure ( figure 7(a) ) is due to the nonmonotonic changes of Ẽ σ Re and of δ with the gas-pressure variation ( figure 7(b) ). The interaction of the electrons with the field is localized in the skin layer. However, the maxima of the absorbed power Q ( figure 7(c) ) and of the current density ϕ j , are shifted from the walls due to combined effects of an increasing field amplitude and a decreasing plasma density (as shown in figure 4(a) ) towards the walls.
Free-fall regime
Due to the low gas pressure in the free-fall regime of the discharge maintenance, the collision frequency is low and the electron temperature is high, both determining importance of the thermal motion of the electrons compared to the effects of collisions. The skin is anomalous [9] , the conductivity is nonlocal and the electron heating is stochastic. The electron gains momentum in the hf field in the skin layer and carry it in the plasma interior forming the current density there. The role of the radial dc field in the discharge is to reflect the electrons coming from the plasma interior to the skin layer back to the plasma interior ( figure 6 ). The reflection point * x for each electron is different, depending on its energy. When the discharge dimension L′ is smaller than the mean free path of the electrons (
), a new effect -the transit time resonance -occurs due to the presence of a second boundary (( figure 6(b) ), for discharges with planar coils). The resonance [10] is at the -so- and over again accelerated by the hf field since at each reflection in the potential well formed by the dc field in the discharge it "sees" a hf field which is in the same direction. Figure 8 illustrates the motion of a single electron in a hf field at the presence of a radial dc force and gives an idea for the two types of electron: glancing electrons which are kept in the skin layer, and trapped electrons which cross the plasma volume. In general, the effects of the nonlocal electrodynamics [11] based on anomalous skin and nonlocal conductivity could be summarized, as follows: (i) nonmonotonic spatial variation of the field amplitudes due to two components of the current determined, respectively, by the "effective" electrons which are kept in the skin layer and cause a decay of the field there and "ineffective" electrons which cause a slower damping of the field in the plasma interior; (ii) a second current layer in the plasma interior considered as a rf current diffusion; (iii) wave phase bifurcation and, (iv) negative power deposition due to a current flow against the field. Figures 9 and 10 are illustration of some of these effects. The results are for an inductive discharge with a cylindrical coil sustained in hydrogen at gas pressure p = 7 mTorr. The electron temperature obtained in the gas-discharge part of a model [12] of discharge maintenance in a free-fall regime is eV 45 9 e . T = , at discharge radius R = 2.25 cm. The spatial variation of the field stems from the wave equation (10) , accounting for both the hf and dc electric fields.
Figures 9(a) and 9(b) show the nonmonotonic radial variation of the field amplitude and the jump of the phase. Moreover, the effect is better pronounced for higher plasma density as it should be expected for anomalous skin and nonlocal conductivity. Whereas for a local skin the phase difference between current density and electric field is constant determined by the ( n e− ν ω / )-ratio, for an anomalous skin it varies along the radius ( figure 9(c) ).
The power input is extended towards the plasma interior ( figure 10(a) ), compared to the case of a normal skin (figure 7(c)) where it is concentrated in the skin layer, and its radial changes are complicated. Figure 10 (b) shows a case of a negative power input (Q < 0), i.e. a reverse Landau damping: The electrons give back energy to the wave. The reason is that the electrons, coming from the skin layer into the plasma interior, keep "memory" about the phase of the field in the skin layer and "see" there a local field shifted in phase by more than 2 / π .
Conclusions
The review presents the basis of the modelling of low pressure inductive discharges with cylindrical coils. The two regimes of low-pressure discharges -the diffusion-controlled regime and the free-fall regime -are considered and the behaviour and the properties of the wave sustaining the discharges in these two regimes are stressed employing analysis of the different types of the skin: normal and anomalous skin appearing in conformity, respectively, with local and nonlocal conductivity.
